
Topic 8 --Unde termined Coefficients



We now learn a method toess a

particular solution up to

azy"+ a ,y + a . y = b(x)

where az ,
a
,
go are

constants.

This method is
called the

method of
undetermined coefficients.

It will only work
for certain b(x) .

It will first require
finding

the homogeneous
solution In to

azy" + a ,y + a - y
= 0

There will be
several cases

to

Consider .



# Find the general solution
to

y" + 3y' + 2y =
2x

TalSolvethe
homogeneous equit

as

The characteristic polynomial
is

n+ 3r + 2 = 0

(r +2)(r + 1)
= 0

r =
- 1
,

- 2

The general homogeneous
solution is

- 2X

=
*

+ Ge

S&2 : Gress what yp is.

We have b(x)
= 2 x 2

This b(x1 doesn't occur

as part of yu.

Note that
b(x) has

derivatives

2x24X , 4



Thus we guess 3
makeyp as combos

of derivatives

yp = Axi +
Bx + C of b(x)

since b(x) and
it's derivatives

are

of these
forms.

Now plug this up into
y" + 3y'+ 2y = 2x?

We have

Yp = Ax + Bx
+ C

Y= 2Ax + B

Yp" = 2A

So
,
pluggingyo

into y"+ 3y't 2y
= 2x

*
gives

(2A) + 3(2Ax
+B) + 2(Ax Bx

+c) = 2x

Rearrange

2A + 6Ax +
3B +2Ax+2Bx

+ 2)
= 2x2

Group like
terms and

set to O to get

(2A + 3B + 2x)
+ (6A + 2B(x +

(2A - 2)x2 = 0

Thus we
get



2A + 3B + 2 =
00

6A + 2B
=02[=032A - 2

③ gives A = 1 .

Plug A = 1 into
② toyet 6 + zB = 0.

So , B
=
- 3 .

Plug A = 1 , B
=
- 3 into 0

to get 2-9 +2
= 0

So ,
c = 7/2 .

Thus,

Yp = Ax + Bx
+ C

= x - 3x +E

solves

generalsolution to

y" + 3y'+ 2y =
2x

is

y
=3n + yp

=x+me + x - 3x + E



Ex: Let's find the general solution to

-iT
homogeneous equation

y"- y + y = 0
which has characteristic equation

r2 - r + 1 = 0

The roofs are

= i

Z

This
,
the general homogeneurs solution is

Ex

Ecos(x)+ ce sinEx

Se2 : Now we guess a particular

solution to

y" - y + y = 2ix)
b(x)



Note that b(x) = 2sin(3x)

&
derivates
contain

b'(x) = G(s(3x) sin(3x)

b"(x) = - 18sin(3x)
and

cos(3x)
: i

Thus we guess

Yp = Asin(3x) + Bcos(3x)

Notice that none of the terms of up

occur in yu

Let's try plugging yp into y"-y' + y
= 2 sin 13x) .

We get

yp = Asin(3x)
+ Bc , (3x)

Yp = 3Acos(3x)
- 3Bsin(3x)

Y ! = - 9Asin(3x)
- 9Bcos(3x)

Plugging into y"-y' + y = 2 sin
(3x) gives

(-9Asin(3x) - 9Bcos(3x))
- (3Acos(3x) - 3 Bsin(3x))

+ (Asin(3x) + Bcos(3x))
= 2sin(3x)



This gives

( - 3A - 8B)cos(3x) +(A + 3B - 2)sin(3x) = 0
u

must beO
must beO

Thus we get

- 3A - 8B = 0 ①[- 8A + 3B- 2 = 0 ②
① gives A= B .

Plug into ② to get
- 8(B) + 3B -z = 0

Su = B = 2 .

G
Thus , B = 73

So
, A

= - B =-()=

Thus,

Yp= sin (3x)+ (3x

is a particular solution
to

y"- y+ y = Ssin(3x)



3: Thus
,
the general solution to

y"- y + y = 2sin(3x)

is

y = yu
+ yp

= ce
*Xcos(X) + ce

*sin(Ex)

- sin(3x)+ cos(3x



Here is a table to help you make your guess for yp
for azy" + a ,y+ a0y = b(x)L

-

Ax + B

=cos(6x) Ae3Y

-
-sin(x)Bexsin

IT sin(ix) (Ax
+Bx +c(cos(4x)

+ (Dx*+ Ex +
F)sin(4x)

-

xe * cos(4x) (Ax +Bie
"cos(4x)

I(x +D)e* sin(4x)



What if in

azy" + a ,y + a . y = b(x)

you have multiple terms in
b(x).

That is , what
if

b(x) = b , (x) + ba(x)
+ -.

. + bn(x) .

Then you guess a
term for

each bi(x) and add your

gresses together .



E: Let's solve

-2y' - 3y = 4x
- 5 + 6xex

*solve the homogeneous equation
y" - 2y' - 3y = 0

The characteristic
equation is

2 - zr - 3 = 0

(r - 3)(r + 1)
= 0

Thus
,
the general homogeneous solution

is

34
- X

Yn = c , e + ce

-

2:Now
we guess a partic

at

2X

e" - zy'- 3y =(x3) +6
degree exponential
poly

e x + Dex



Let

Yp = Ax +
B + (xe

**

+De

Let's plug this into
the equation .

Yp = Ax + B + (xe
**
+ De
2x + 2Dex

Y = A + ce
-"

+ z(xe

Yp" = 2(
*

+ 2(
*

+ 4(xe + 4Dex

Plugging into y"-zy'-3y = 4x-S + Exe
**

gives :

le]-(
+ (4)

*

+2(xix)

Yp

- 3(Ax + B + (xe
*

+De +) = 4x - 5 + 6xe
-

Yp

Regrouping gives
:

ple
= 4x-Stx



We get
- 3A = 4

A =
- 43

- 2A- 3B =
-E B = 23/9[ [- 3 = 6 * c =

- z

D =
- 4/3

2c - 3D = 0

Thus,

Yp = - x +
- 2xe - Be

~t3 : The general solution
to

y" - 2y'- 3y =
4x - S +

6xex

is

y = y
+ yp

=e
*
+ ce - *x + -2xe

*
- tex



What can go wrong with
the guessing ?

If yp contains
terms that appear

in In then you
will have

to[multiply those terms by the

n that eliminates
smallest power X

the duplication

Esee some examples

of this



Ex: Let's solve

=SeS
geneous equation

y"- Sy+ 4y = 0

which has characteristic polynomial

r
=
-
Sr + 4 = 0

(r - 1)(r - 4)
= 0

So

yn =
c
,
2

*

+ ce
" x

-

Stee:Let'sguessaparticular
olta

-&
is part o en

our table
says

to try Yp
= Aet

However plugging
this in gives

Ac"-SAe* +
YAe" = SeY

0 = 8eY

This happened because



What we do is we instead try

Yp = Axe*ply by x

This isn't part of yu.

We get

Yp = Axe
*

Ye = Ae +
Axex

yp" = Ae + Ae +
AxeY

Plugging this
into y"-byt 4y = get gives

(Ae + Ae
+ Axe*) - S(Ae*

+ Axe + YAxe
*
= Sex

- 3Aex = Sex

A =
- 3

Thus , Yp = -Exe
*

E3 : The general solution to y"-Sy'tYy = Se

is y = Yn + yp = ce
*

+ Ge
**- xe

*



=: Let's solve

=- 2y1+ y = 0 we have
the characteristic

polynomial

r2- zr + 1 = 0

(r- 1)(r
- 1) = 0

So,

yu =
ce+ xex

-

#2
: Now to guess yo at

first

we think Yp = Aet
but et is part

ofYn .
Then we try Yp = Axe

* but

Thus ,

that's also
part of yu.

we try Up =
Axet.

We have : Yp =
Axe

Yp' = 2Ax
+ Axex

Yp" = 2Ae+ 2Axe+
2Axe+ Axex



Plugging this into y"-zy'
+ y = e

*

we get

(2Ae++Axc
*

+2Axe
*

+ AxeY) -z(2Axe
+ AxeY

+ (Ax** )
= e

Simplifying gives
:

2Aex = ex

Thus, A
= E

ep
= Exe*.

Sep3 : The general solution
to

y" - 2y + y = e*
is

y = 3n + yp=
e + axe

*
+ Exex


